We study the two-photon process for the transitions ns → 1s and nd → 1s in hydrogen up to large n. For n ≤ 20 we provide simple analytic fitting formulae to describe the non-resonant part of the two-photon emission profiles. Combining these with the analytic form of the cascade-term yields a simple and accurate description of the full two-photon decay spectrum, which only involves a sum over a few intermediate states. We demonstrate that the cascade term naturally leads to a nearly Lorentzian shape of the two-photon profiles in the vicinity of the resonances. However, due to quantum-electrodynamical corrections, the two-photon emission spectra deviate significantly from the Lorentzian shape in the very distant wings of the resonances. We investigate up to which distance the two-photon profiles are close to a Lorentzian and discuss the role of the interference term. We then analyze how the deviation of the two-photon profiles from the Lorentzian shape affects the dynamics of cosmological hydrogen recombination. Since in this context the escape of photons from the Lyman-α resonance plays a crucial role, we concentrate on the two-photon corrections in the vicinity of the Lyman-α line. Our computations show that the changes in the ionization history due to the additional two-photon process from high shell (n > 2) likely do not reach the percent-level. For conservative assumptions we find a correction ∆N e /N e ∼ −0.4% at redshift z ∼ 1160. This is numerically similar to the result of another recent study; however, the physics leading to this conclusion is rather different. In particular, our calculations of the effective two-photon decay rates yield significantly different values, where the destructive interference of the resonant and non-resonant terms plays a crucial role in this context. We also show that the bulk of the corrections to the ionization history is only due to the 3s and 3d-states and that the higher states do not contribute significantly.
Introduction
During the epoch of cosmological hydrogen recombination (typical redshifts 800 z 1600), any direct recombination of electrons to the ground state of hydrogen is immediately followed by the ionization of a neighboring neutral atom due to re-absorption of the newly released Lyman-continuum photon. In addition, because of the enormous difference in the 2p ↔ 1s dipole transition rate and the Hubble expansion rate, photons emitted close to the center of the Lyman-α line scatter ∼ 10 8 − 10 9 times before they can finally escape further interaction with the medium and thereby permit a successful settling of electrons in the hydrogen ground state. It is due to these very peculiar circumstances that the 2s ↔ 1s-two-photon decay process, which is ∼ 10 8 orders of magnitude slower than the Lyman-α resonance transition, is able to substantially control the dynamics of cosmological hydrogen recombination (Zeldovich et al. 1968; Peebles 1968) , allowing about 57% of all hydrogen atoms in the Universe to recombine at redshift z 1400 (Chluba & Sunyaev 2006a) .
The tremendous success in observations of the cosmic microwave background temperature and polarization anisotropies Page et al. 2006) has recently motived several works on high precision computations of the cosmological hydrogen (Dubrovich & Grachev 2005; Chluba & Sunyaev 2006b ; Kholupenko & Ivanchik 2006; Novosyadlyj 2006; Rubiño-Martín et al. 2006; Chluba et al. 2007; Wong & Scott 2007; Chluba & Sunyaev 2007b ) and helium (Switzer & Hirata Send offprint requests to: J. Chluba, e-mail: jchluba@mpa-garching.mpg.de One interesting additional physical process, which had been neglected in earlier computations (Seager et al. 1999 (Seager et al. , 2000 , is connected to the two-photon transitions from high ns and ndstates to the ground state of hydrogen and was first proposed by Dubrovich & Grachev (2005) . In their computations a simple scaling for the total two-photon decay rate of the s and d-states in hydrogen was given and, including these additional channels leading to the 1s-level, corrections to the ionization history were found that exceed the percent-level. These modifications would have a strong impact on the determination of the key cosmological parameters (Lewis et al. 2006 ) and therefore require careful consideration.
More recently, theoretical values for the non-resonant 1 twophoton decay rates of the 3s and 3d level based on the work of Cresser et al. (1986) were utilized to improve the computations of Dubrovich & Grachev (2005) , showing that the effect of two-photon transitions from higher levels on the recombination history is likely to be less than ∼ 0.4% (Wong & Scott 2007) . However, to our knowledge, neither extensive calculations of the two-photon decay rates for the transitions ns → 1s and nd → 1s from high levels exist nor detailed reports of direct measurements can be found in the literature, so that Wong & Scott (2007) also had to extrapolate existing values towards higher levels, largely relying on the previous estimates by Dubrovich & Grachev (2005) and the val-ues given in Cresser et al. (1986) . Here we argue that, due to quantum-interference, it is difficult to separate the contributions of the pure two-photon process from the resonant single photon processes. Therefore to answer the question how much two-photon processes are affecting the recombination history requires a more rigorous treatment in connection with the radiative transfer and escape of photons (Varshalovich & Syunyaev 1968; Grachev & Dubrovich 1991; Rybicki & dell'Antonio 1994; Chluba & Sunyaev 2007a) from the main resonances (especially the Lyman-α line). Also Hirata & Switzer (2007) re-analyzed the importance of the twophoton process in the context of cosmological helium recombination and showed that, for high values of n, the rate estimates by Dubrovich & Grachev (2005) are rather rough and that in particular the linear scaling with n fails. Here we provide some conservative lower limits on the possible impact of the two-photon transitions on the hydrogen recombination history. We show that the non-resonant contribution to the two-photon decay rate indeed scales ∝ n (see Sect. 4.3.1). However, due to destructive interference between the resonant and non-resonant terms, the effective two-photon decay rate is much lower and actually decreases with n.
If one considers an isolated neutral hydrogen atom 2 with the electron in some excited state (n, l), then because of the finite lifetime of the level, the electron will reach the ground-state after some short time (typically ∼ 10 −8 s), in general releasing more than one photon. Astrophysicists usually describe this multiphoton cascade, also known as Seaton-cascade, as a sequence of independent, single-step, one-photon processes (e.g. see Seaton 1959) , where every resonance has a pure Lorentzian shape. This approximation should be especially good in the presence of many perturbing particles (free electrons and ions), such as in stellar atmospheres, which destroy the coherence of processes 3 involving more than one intermediate transition. However, in extremely low density environments, like the expanding Universe during cosmological hydrogen recombination, hardly any perturbing particle is within the Weisskopf-radius (Weisskopf 1932; Sobelman et al. 1995) , so that the coherence of two-photon and possibly multi-photon transitions is maintained at least for the lower shells. Here we consider the simplest extension to the classical treatment of the multi-photon cascade and focus only on the two-photon process.
Beginning with the paper of Göppert-Mayer (1931) , several textbooks of quantum electrodynamics (Akhiezer & Berestetskii 1965; Berestetskii et al. 1982 ) discuss the two-photon emission process. Using the formulation of quantum-electrodynamics, one naturally obtains a nearly Lorentzian shape of the line profiles in the vicinity of the resonances, which also allows us to check for tiny deviations in the real two-photon emission from the spectrum obtained using the simplest classical cascade treatment. As we discuss below, at least in the decay of high s and dstates quantum-electrodynamical corrections lead to additional broad continuum emission and strong deviations of the profiles from the natural Lorentzian shape in the very distant wings of the resonant lines. In this paper we investigate up to what distance the wings of the two-photon emission spectrum in the vicinity of the Lyman-α line continue to have a Lorentzian shape. These deviations in the red wings are the reason for the corrections to the hydrogen recombination history due to the two-photon transitions from high s and d-states. Similarly, these modifications of the Lyman-α line profile could also be important during the initial stages of reionization in the low-z Universe. One should mention that the developed picture is valid for the primordial chemical composition of the Universe, which is characterized by a complete absence of heavy elements, e.g. dust and low ionization energy species that would influence the escape of Lyman-α photons in planetary nebulae and H ii regions in present-day galaxies.
For hydrogen, several publications on the theoretical value of the total 2s → 1s two-photon decay rate can be found (Breit & Teller 1940; Kipper 1950; Spitzer & Greenstein 1951; Klarsfeld 1969; Johnson 1972; Goldman & Drake 1981; Drake 1986; Goldman 1989 ) with recent computations performed by Labzowsky et al. (2005) yielding A 2s1s = 8.2206 s −1 . In these calculations one has to consider all the possible intermediate states (bound and continuum) with angular momentum quantum number l = 1, i.e. p-states. Within the non-relativistic treatment of the hydrogen atom for the metastable 2s-level, no pstate with energy lower than the 2s-state exists; hence the twophoton process only involves transitions via virtual intermediate states, without any resonant contributions. Therefore the total two-photon decay rate of the 2s-level is very low and the 2s-state has an extremely long lifetime (∼ 0.12 sec). We show that the formulae obtained by Cresser et al. (1986) are not applicable in this case (see Sect. 4.1).
Also, some calculations for the 3s and 3d two-photon transitions to the ground state have been carried out (Quattropani et al. 1982; Tung et al. 1984; Florescu 1984) , but here a problem arises in connection with the contribution from the intermediate 2p-state, which has an energy below the initial level. The corresponding term is dominating the total two-photon decay probability for the 3s and 3d two-photon process and is connected with the resonant transition via an energetically lower level. It can be interpreted as a cascade involving the quasi-simultaneous emission of two-photons. As in the case of the 2s-level, a broad continuum emission also appears due to transitions via virtual intermediate states, with energies above the initial level. This continuum is not connected to any resonances and therefore has a much lower amplitude. In addition to the cascade-term and this non-resonant term, an interference-term also appears for which a clear interpretation is difficult within the classical formulation. Similarly, in the two-photon decay process of higher ns and ndstates to the ground state, (2n − 4)-resonances appear, yielding complex structures in the distribution of emitted photons. Some additional examples of 2γ emission spectra can also be found in Quattropani et al. (1982) and Tung et al. (1984) .
As mentioned above, astrophysicists usually interpret the two-photon cascade as a 1 + 1-single photon process. Since even in the full two-photon formulation, the cascade-term dominates the total two-photon decay rate (hence defining the lifetime of the initial ns and nd-states), in a vacuum the total two-photon decay rate should be very close to the 1 + 1-single photon rate of the considered level. In the 1 + 1-photon picture, the spontaneous two-photon decay rate is simply given by the sum of all spontaneous one-photon decay rates from the initial state, since after the detection of one photon, say a Balmer-α photon in the 3s→1s transition, in vacuum the presence of a Lyman-α photon is certain and therefore should not affect the total 3s decay probability. For the 3s and 3d-states Florescu (1984) nances, the 1 + 1-photon description provides a viable approximation, in which the line profile is very close to a Lorentzian. However, as we show below, quantum-electrodynamical corrections (e.g. virtual intermediate states, interference, correlations of the photons in energy) lead to differences in the two-photon profiles in comparison with the 1+1-single photon profile, which are significant especially in the distant wings, far from the resonances. In particular the interference term plays a crucial role in this context and cannot be neglected.
Two-photon transitions of the ns and nd-states
Considering only cases when the initial states is either an ns or nd-level and the final state corresponds to a s-level, one can simplify the general formula for the two-photon transition probability as given by Göppert-Mayer (1931) considerably. First, the average over the directions and polarizations of the emitted photons can be carried out immediately, since within the nonrelativistic formulation, one can separate the radial and angular parts of the wave function. For s → s-transition, this leads to a global factor of 1/27, while this average yields 2/135 for d → s-transitions (see Tung et al. 1984) . Afterwards, the probability for the decay n i l i → 1s (where l i = 0 or l i = 2) with the emission of two photons can be written in terms of the integrals
R n ′ l ′ r 3 R nl dr over the normalized radial functions, R nl (r), for which explicit expressions can be found in the literature (e.g. §52 in Berestetskii et al. 1982) . Then the probability of emitting one photon at frequency ν and another at ν ′ in the transition (n i l i ) → 1s is given by
Here
, with a 0 = 1 and a 2 = 2/5, and where α is the fine structure constant, c the speed of light, ν 2s1s the 2s-1s transition frequency, and R H the Rydberg constant for hydrogen. Due to energy conservation, the frequencies of the emitted photons are related by ν + ν ′ = ν i1s , where here ν i1s is the transition frequency between the initial level n i l i and final 1s-state. The energy of level n is given by E n = −E 1s /n 2 , with the 1s-ionization energy of the hydrogen atom E 1s ≈ 13.6 eV. The sum in Eq. (1) has to be extended by an integral over the continuum states, but for convenience we omit these in our notation.
For n i > 2 and n < n i , it is clear from Eq. (1) that at hν = E n i − E n and hν = E n − E 1s , i.e. corresponding to the resonance frequencies to energetically lower levels, one of the denominators inside the sum vanishes, leading to a divergence of the expression. As we discuss below (Sect. 2.1.3), including the lifetime of the intermediate states provides a possibility of removing these singularities (Low 1952; Labzowsky & Shonin 2004) ; however, a consistent consideration of this problem requires a more sophisticated treatment beyond the scope of this paper. Physically, transitions to intermediate states with energies E n ≥ E n i are virtual 4 . We split up the sum over all the intermediate states like 5 = v + r , where v = E n ≥E n i and 4 Strictly speaking, photons appearing in the distant wings of the resonance are also connected with virtual states (e.g. Karshenboim & Ivanov 2007) . 5 Within the non-relativistic treatment of the hydrogen atom, this is equivalent to separating the cases n < n i and n ≥ n i . Since the energy r = E n <E n i denote the sum over virtual and real intermediate states, respectively. Then we can write
Henceforth, we refer to the contribution to the transition matrix element from | r | 2 as the cascade part, due to | v | 2 as nonresonant part, and the rest as the interference 6 part. This distinction is ad hoc and not unique, but only motivated by our separation of the infinite sum, which will turn out to be fairly convenient in terms of evaluation of the spectrum and total two-photon decay rate.
The non-resonant contribution to the two-photon decay probability, dW nr , is then given by
For the cascade and interference terms, one instead has
and
respectively.
Total two-photon decay rate
In order to obtain the total two-photon decay rate in vacuum one now has to integrate Eq. (1) over all possible frequencies ν. The corresponding integral can be cast into the form
with y = ν/ν i1s and where the factor of 1/2 avoids doublecounting of photons. In Eq. (6) we have introduced the twophoton decay profile function,
which is the sum of the two-photon profiles due to the nonresonant, cascade, and interference terms, respectively. Below we discuss the contribution of each term separately.
Interpretation of the two-photon emission profile
Physically the two-photon emission profile or spectrum φ
defines the number of photons that are released per second in the frequency interval between ν and ν + dν. If one integrates over the whole spectrum, this therefore yields the total number of the continuum states is always greater than for the bound states, the former are associated with the case n ≥ n i . 6 In principle one should be more accurate by calling this contribution resonant/non-resonant-interference term, since also some level of interference is already included inside the resonant and non-resonantterm, which is absent in the 1+1-photon picture. However, we generally do not make this distinction.
of photons emitted per second due to the two-photon transition. The two-photon profile includes both photons at the same time, so that the total two-photon transition rate per initial s or d-state has to be divided by a factor of 2 (see Eq. 6).
Due to energy conservation it is clear that, when detecting a photon that was produced in a particular two-photon transition from some initial ns or nd-state to the ground state, at a frequency ν, the other photon has frequency ν ′ = ν n1s −ν. Therefore also the probability to release a photon at ν should be equal to the probability for the emission of a photon at ν n1s − ν, a property that is reflected in the symmetry of the two-photon profiles around y = 1/2 (see Sect. 3 for more explicit examples).
2.1.2. Total two-photon decay rate due to the non-resonant contribution
In Eq. (7) we have introduced the non-resonant two-photon decay profile function, φ nr n i l i →1s (y), which can be written as
Here we defined the frequencies ensure thatM nr approaches zero within the limits y → 0 and y → 1. In additionM nr is real and symmetric around y = 1/2. To compute the total rate one now only has to replace φ 2γ n i l i →1s (y) in Eq. (6), by the expression (8). To evaluate the sum and integrals over the radial functions, we used M. Normally we restrict ourselves to the first 200 terms in the sum, but computations with up to 4000 terms were also performed for the 2s, 3s, and 3d rates. Within the assumptions the results for the other levels should be correct to better than ∼ 1%. To make cross checks easier, we give the expression for the necessary radial integrals R n ′ l ′ | r |R nl up to n i = 5 in Appendix A.
2.1.3. Total two-photon decay rate due to the cascade and interference terms
For the cascade and interference terms special care has to be taken close to and at intermediate distances from the resonance frequencies hν = E n i − E n and hν = E n − E 1s . As mentioned above, a consistent treatment of this problem requires more sophisticated methods, including the amplitudes of several additional processes (e.g. Karshenboim & Ivanov 2007) , than are within the scope of this paper. One simple approximate solution to this problem can be given when taking the lifetime of the intermediate states into account as a small imaginary contribution to their energy 7 . Including this shift into the equations for the 2p-transition leads to the classical expression of the Lorentzian within the formulation of Quantum Electrodynamics and can be attributed to the first order radiative corrections of the one-photon process (Low 1952; Labzowsky & Shonin 2004) . Florescu (1984) used this approach to compute the total 3s and 3d two-photon decay rates and simply replaced the energy, E 2p , of the 2p-state by, E 2p − ihΓ 2p /2, where Γ 2p is the width of the 2p-state due to spontaneous transitions. Except for the 2s-state, summing all the one-photon decay rates (e.g. these values can be computed using the routines of Storey & Hummer 1991) should yield a very good approximation for the total lifetime of any given initial level in the hydrogen atom. For estimates, we therefore follow this approximate procedure and replace the energies of all intermediate p-states by
np→n ′ l ′ is the total 1γ-width of the intermediate np-state due to spontaneous transitions. Note that for n > 2 the p-states can decay via channels, which do not directly lead to the 1s-state, thereby leading to the possible emission of more than two photons.
The two-photon contribution to the total lifetime of the s and d-levels for transitions to the ground state should be close to the value following from the sum of the rates for all possible 1γ-transitions to lower-lying intermediate p-states multiplied by the probability that the electron will 'afterwards' go directly to the 1s-level 8 :
where A 1γ ns/d→n ′ l ′ is the spontaneous one-photon Einstein coefficients of the considered transition from the initial s/d-state 9 . Although for the s-levels, this already accounts for all the possible one-photon decay channels, d-states with n > 4 can also decay via intermediate f-states. However, in this case again more than two-photons have to be released in order to reach the 1s-level and therefore do not contribute anything here. The addition (9) to the energies is not important for the non-resonant term, but it becomes crucial very close to the resonances for both the cascade and interference term. However, here we are mainly interested in the behavior at large distances from the poles (|∆ν| ≫ Γ 1γ np ), so that this replacement has no direct effect on the discussed cosmological application (see Sect. 5.3).
Here one may ask, why the lifetime of the initial level is not included? Physically this is motivated by the idea that, following the interpretation of Weisskopf & Wigner (1930) , we consider one particular initial 'energy sub-level' and do not specify the process that populated it. Therefore the final profile should be independent of the shape of the distribution of energy-sublevels around the mean energy of the initial state. One can also consider this as equivalent to neglecting any possible reshuffling of the electron by perturbing particles while it is in the initial state. However, in the computation presented below we do not approach the resonances so close that these differences would play any role. 7 We neglect the small correction to the real part of the energy caused by the Lamb-shift. 8 The authors wish to thank E.E. Kholupenko for pointing out some inaccuracies related to this aspect. However, the modification did not affect the results of this paper. 9 Here A With the notation of Sect. 2.1.2, we now introduce the cascade and interference two-photon emission profiles by
where the cascade matrix element is given bỹ
Here δ n = Γ np /4πν i1s accounts for the energy-shifts due to the finite lifetime of the intermediate np-state. We have also introduced the resonance frequencies
Since for the cascade and interference term n < n i , these now have values strictly within the range 0 < y < 1. Defining the function
which actually has the generic shape of a Lorentzian, then
, where the real and imaginary part of f n are defined by
respectively. Introducing
To compute the total rate one now only has to replace φ 2γ n i l i →1s (y) in Eq. (6), by the corresponding expressions (10).
Two-photon emission spectra
3.1. Non-resonant two-photon emission spectra
In Fig. 1 we present the profile functions for the non-resonant contribution to the two-photon decay spectrum. All the profiles have a maximum at y = 1/2. For the ns → 1s-emission profiles the difference in the shape of the curves is quite big, while for initial d-states in general the profile does not vary as much. However, in both cases the amplitude at y = 1/2 changes strongly, increasing towards larger n (see Appendix B).
Due to our separation of the infinite sum over the intermediate substates, the sums in the cascade and interference terms become finite. This allows us to evaluate M nr numerically and use convenient fitting formulae for their representation. Realizing that M nr is symmetric around y = 1/2 and that it scales like ∼ 1/y and ∼ 1/(1 − y) at the boundaries, we approximated y(1−y) M nr . In Appendix B the obtained formulae for all ns → 1s and nd → 1s transitions up to n = 20 are given. For the nonresonant term within the range 10 −3 ≤ y ≤ 0.999, these approximations should be accurate to better than 0.1%. Since these are fast and simple to evaluate they should be useful for analytic estimates and numerical applications. Note that all non-resonant matrix-elements are negative.
The 3s and 3d two-photon emission spectrum
In Fig. 2 we give the full two-photon emission spectra for the 3s → 1s and 3d → 1s transition. In both cases, the nonresonance term increases the wings of the profiles close to y ∼ 0 and y ∼ 1. However, the interference between the non-resonant and cascade part is destructive in the central region (y ∼ 1/2) and significantly reduces the amplitude of the total two-photon emission. It even leads to full cancellation at y ∼ 0.22 and y ∼ 0.78 for the 3s-level, whereas for the 3d-level the photon production does not vanish in the region between the resonances (see also Tung et al. 1984) .
For both the 3s → 1s and 3d → 1s transitions, only one term in the cascade appears, which is related to the transition via the intermediate 2p-state. The matrix elements for these are κ = 27/32 (Lyman-α transition). With the Eqn. given in Sect. 2.1.3 and using the fitting formulae according to Appendix B one can analytically approximate the full two-photon emission spectrum. As Fig. 2 shows the agreement is excellent at all considered frequencies.
The ns and nd two-photon emission spectrum
As an example, in Fig. 3 we present the full two-photon emission spectra for the 5s → 1s and 5d → 1s transition. Again one can see that the interference term strongly affects the shape of the spectrum in the wings of the resonances. In particular, destructive interference close to y = 1/2 strongly reduces the total amplitude of the emission. For the 5s-level, interference leads to full cancellation of the photon production (y ∼ 0.28 and y ∼ 0.72) in the region between the innermost resonances, whereas the photon production does not vanish within this range for the 5d-level. This difference is characteristic of the shape of the s and d-two-photon spectra, also for higher values of n. It is also clear, that using the Eqn. given in Sect. 2.1.3, together with the fitting formulae according to Appendix B, one can analytically approximate the full two-photon emission spectrum with very high accuracy in the full range of considered frequencies. . Two-photon emission spectra for the 3s → 1s and 3d → 1s transitions. The non-resonant, cascade, and combined spectra are shown as labeled. Also we give the analytic approximation based on the equations discussed in Sect. 2.1.3, together with the fitting formula for the 2s and 3d non-resonant matrix element (see Appendix B). The resonances correspond to the Balmer-α and Lyman-α transitions.
For initial states with a higher value of n i , more resonances (in total 2 n i − 4) appear, but otherwise the spectra look very similar and do not add any deeper physical aspects. We checked the analytic approximations for the full two-photon emission spectrum of several ns → 1s and nd → 1s two-photon transition up to n = 20 and always found excellent agreement with the results from our full numerical treatment.
Total two-photon decay rates
4.1. The two-photon rate for the 2s-state It is clear that, within the non-relativistic formulation for the 2s→1s-two-photon transition of hydrogen-like ions, only nonresonant contributions to the total lifetime exist. When we use Eq. (6) together with Eq. (8) and include the first 4000 terms in the infinite sum, we obtain the value A 2s1s = 8.2293s
−1 , which fully agrees with the result of earlier computations (Breit & Teller 1940; Kipper 1950; Spitzer & Greenstein 1951; Klarsfeld 1969; Johnson 1972; Goldman & Drake 1981; Drake 1986; Goldman 1989; Labzowsky et al. 2005) . With the approximate formula for the non-resonant two-photon emission spectrum for the 2s-state as given in Appendix B, we obtain A 2s1s = 8.2297s
−1 , which shows the high accuracy of the approximation. Equation (6), together with Eq. (8), is very similar to Eq. (14) in the work of Cresser et al. (1986) . The expression of Cresser et al. (1986) was obtained using general arguments about the total lifetime of the considered level, and according to their work it should be applicable to all s and d-states of hydrogen, yielding the two-photon correction to the lifetime. However, if applied to the hydrogen 2s-level one finds A Cr 2s1s = 1.4607s
instead of A 2s1s = 8.2293s −1 . The difference stems from the fact that here, like in the publications mentioned above, we included the term with n ≡ n i in the sum Eq. (8). This shows that the largest contribution to the total 2s-two-photon decay rate (in this case equivalent to the non-resonant contribution) actually comes from the transition via the intermediate 2p-state, i.e. the matrix element R 1s | r |R 2p R 2p | r |R 2s ≈ −6.704, and cannot be neglected. This suggests that the arguments by Cresser et al. (1986) are incomplete, or at least not generally applicable.
Although to our knowledge only rough direct measurements of the two-photon decay rate exist for the hydrogen 2s-state (Krüger & Oed 1975; Cesar et al. 1996) , one can find experimental confirmations (Prior 1972; Kocher et al. 1972; Hinds et al. 1978 ) of the theoretical value for the two-photon decay rate of the hydrogen-like helium ion (Γ th ≈ 8.229Z
6 s −1 ), which do reach percent-level accuracy. Also measurement for hydrogen-like Ar, F, and O exist (Marrus & Schmieder 1972; Cocke et al. 1974; Gould & Marrus 1983) , but with lower accuracy. These experimental confirmations further support the idea that, in theoretical computations of the total two-photon decay rate and in particular the correction to the one-photon lifetime, it is not enough to consider only intermediate states with energies E n > E i .
For hydrogen-like ions, care should be taken when computing the 2s-two photon decay rate within the relativistic treatment. In this case the 2p 1/2 level due to the Lamb-shift and fine-structure splitting energetically lies below the 2s 1/2 level. Increasing Z will make this shift even bigger, but as the measurements for He and Ar show, this intermediate state cannot contribute beyond the percent-level to the total lifetime of the corresponding 2s 1/2 -state. This is also expected because the lifetime of the 2s-state should not be strongly altered by the slow 2s 1/2 → 2p 1/2 transition (∼ 1.6 × 10 −9 s −1 ). In addition, the poles due to this intermediate state lie very close to ν → 0 and ν → ν i1s and are therefore suppressed by the factors of ν 3 ν ′3 in Eq. (1).
4.2. The two-photon rates for the 3s and 3d-states
The non-resonant contribution
Using the formula given by Cresser et al. (1986) , i.e. explicitly neglecting the transition via the intermediate 3p-state, we can reproduce their values for the non-resonant contribution to the two-photon decay rates of the 3s→1s and 3d→1s transitions. Later Florescu et al. (1988) computed these values again within the framework of Cresser et al. (1986) but to higher accuracy. We are also able to reproduce these results ) up to all given figures. Although the discussion in the previous sections has already shown that these values probably have no direct relation to the total corrections in the lifetime of the level due to the two-photon process, we computed them to check our own computational procedure.
However, returning to our definition of the non-resonant twophoton decay rate, the transition via the intermediate 3p-state has to be included. We then obtain A , where the values in parenthesis were computed by integrating our analytic approximation. In particular, for the 3d-level, this increases the nonresonant contribution to the total two-photon decay rate by a factor of ∼ 54. If in the sum (8b) we only consider the term 
The cascade and interference terms
With the formulae given in Sect. 2, it should be possible to compute the total two-photon decay rate of the 3s and 3d-states. Including the lifetime of the intermediate 2p-state as discussed in Sect. 2.1.3, we also computed the total lifetime of the 3s and 3d-states, and, in agreement with Florescu (1984) , obtained values that were very close to the one expected from the onephoton lifetime. But as mentioned in Sect. 2.1.3, within the simple approximation used to regularize the cascade and interference terms, it is not possible to compute the total correction to the one-photon lifetime, consistent in the considered order of the fine-structure constant α. In addition, as we will see in Sect. 5, this is not necessary for our cosmological application.
However, in order to compare with other computations, it may be useful to give some additional intermediate results. We therefore also integrated the contribution of the interference term separately, yielding A . This shows that, because of interference, the small increase of the decay-rate due to the nonresonant term (see Table 1 ) is completely canceled, again em- phasizing how important the interference term is. In Table 1 we included a maximal number of summands above the initial state, which was n sum = 4000 for n i ∈ {2, 3} and n sum = 200 for n i > 3.
The two-photon rates for the ns and nd-states
For future computations and more complete considerations of the higher order correction to the lifetime of the ns and nd-states, here we now give the results for the total contribution of the nonresonant term to the two-photon decay rate. This contribution does not depend on the treatment of the poles in the cascade and interference terms. However, these values should have no direct relation to the total two-photon correction of the lifetime, but are mainly meant for cross-checks.
The non-resonant contribution
In Table 1 we summarize the values for the non-resonant contribution to the two-photon rates for the ns and nd-states up to n i = 20. The dependence of the non-resonant contribution to the total two-photon decay rate on n i is presented in Fig. 4 . For large n i in both cases, the rates scale roughly linear, increasing towards larger n i . The slope is slightly steeper for the s-states.
We . We did not check up to which value of n i the formulae (15) are applicable. Also, one should bear in mind that, above some value of n i ≫ 1, the usual dipole approximation for the transition matrix elements breaks down (Dubrovich & Grachev 2005; Hirata & Switzer 2007 ) and other methods should be used.
The linear scaling of the non-resonant contribution to the two-photon decay rate for n i ≫ 1 was expected (Dubrovich 1987; Dubrovich & Grachev 2005 ), but here we have included all virtual intermediate states in the sum. However, one should keep in mind that, due to the interference term, it is difficult to interpret this contribution separately.
Astrophysical application
5.1. Two-photon process in the single photon picture
As described in the introduction, the standard procedure for treating the atomic transitions of electrons involving more than one photon is to break them down into independent, single-step, one-photon processes. This approximation should be especially good in the presence of many perturbing particles (free electrons and ions), such as in stellar atmospheres, which destroy the coherence of processes involving more than one transition. Here we now explain how the two-photon process can be formulated in the simplified 1 + 1-single photon picture.
Distribution of the high frequency photon
As an example, we consider the decay of the 3s-level in vacuum. If there are no perturbing particles, two photons will be released and the emission profile (see Fig. 2 ) is described by the twophoton formulae discussed in the previous sections. In the 1 + 1-single photon picture, with very high probability the electron after a short time (∼ 1.6 × 10 −7 s) decays to the 2p-state, emitting a photon close to the Balmer-α frequency. Then it independently releases a second photon, for which the frequency distribution, in the rest frame of the atom, is given by the natural line profile. Therefore the number of photons appearing per second in the frequency interval ν and ν + dν in the vicinity of the Lyman-α resonance due to the transition from the 3s-state is given by 10 φ 3s,1+1γ
where L(a, b) is defined in Eq. (12) and ν α is the Lyman-α central frequency. Integrating over ν yields φ 3s,1+1γ 2p→1s (ν) dν = A 1γ 3s→2p , i.e. the total rate at which electrons are added to the 2p-state after the transition from the initial 3s-level. Note that here we have assumed Γ 2p ≈ Γ 1γ 2p→1s . For (16) one assumes that there is no coherence or correlation between the first and second photon, and consequently the Lyman-α line-profile in the 1 + 1-photon picture is a pure Lorentzian up to very large distances from the resonance. This is 9 also equivalent to assuming that the transition from the 3s-state leads to a 'natural' distribution of electrons within the 2p-state (Mihalas 1978) . One can also obtain this result using the interpretation of Weisskopf & Wigner (1930) 
Looking at other initial s or d-states, the same argument as above can be carried out. In the more general case, one simply has to replace A 1γ 3s→2p with the corresponding partial spontaneous decay rate A 1γ ns/d→2p to the 2p-state. This shows that no matter what is the initial level, the shape of the 1 + 1-emission profile in the vicinity of the Lyman-α resonance is always a Lorentzian. Within the 1 + 1-single photon picture, the same is true for the other possible intermediate resonances (e.g Lyman-β, γ, etc) in the two-photon cascades from high initial s or d-states. However, there in addition the partial width of the 2p-state due to the transition to the ground level appearing in Eq. (16) has to be replaced by the corresponding total (one-photon) width of the intermediate p-state. Also one has to take into account the branching ratio for transitions leading directly to the ground state.
With these comments one then can write
where ν n1s is the central frequency of the corresponding Lymanseries transition.
Distribution of the low-frequency photon
In Sect. 5.1.1 we have focused on the high-frequency photons released in the two-photon cascade. If we now consider the lowfrequency photons, then the profiles of these will be given by
where ν n i np = ν n i 1s − ν n1s is the transition frequency from the initial n i s or n i d-state to the np-state. Here one may ask why the width of the line is determined by the width of the intermediate np-state only and not by Γ 1γ np +Γ 1γ n i s/d as usual. We simply wanted to be consistent with the approximate treatment of the cascade and interference terms in the full two-photon formulation (see Sect. 2.1.3), for which the width of the initial state was neglected. As mentioned above, physically this is motivated by the idea that, within the formulation of Weisskopf & Wigner (1930) , we consider one particular initial 'energy sub-level' and do not specify the process that populated it. Therefore the final profile is independent of the shape of the distribution of energy-sub-levels around the mean energy of the initial state. One can also consider this as equivalent to neglecting any possible reshuffling of the electron by perturbing particles while it is in the initial state. Furthermore, in general Γ 1γ np > Γ 1γ n i s/d such that Γ 1γ n i s/d would not contribute much to the total width of the line. But most important, in our computations we do not approach the resonances so close that these differences would play any role.
Total two-photon profile in the single photon picture
With Eqn. (17) and (18) it is now possible to write the total distribution of photons emitted in the two-photon decay of an isolated hydrogen atom in some given initial s or d-level within the 1 + 1-single photon formulation:
Integrating φ 1+1γ n i s/d→1s (ν) over all possible frequencies yields
, which is the total contribution to the width of the initial level due to spontaneous transitions that lead to the ground state and involve exactly two photons (cf. Eq. (9)). What are the main differences of the 1+1-photon profile with respect to the full two-photon profile, as defined by Eq. (7)? (i) There is no non-resonant contribution, resulting from virtual transitions via intermediate states with energies higher than or equal to the initial state. (ii) As a consequence of (i) there is no resonance/non-resonance interference term. It is also important that interpreting each resonance appearing in φ 1+1γ n i s/d→1s (ν) separately, it is possible to uniquely define the rates at which electrons flow in and out of a particular intermediate pstate. In astrophysical computations this is the usual procedure for solving the radiative transfer problem for each transition separately. Within the full two-photon formulation this is only possible very close to the centers of the resonances (where the contribution from the other terms is negligible), but in the wings, photons from different intermediate transitions contribute nontrivially and make this separation difficult. Also this overlap of the resonances is taken into account in Eq. (19), but it is usually neglected in astrophysical computations.
As an example, we illustrate the differences in the twophoton emission profiles for the initial 4s and 4d states in Fig.  5 . One can see that in the distant wings of all the resonances the differences of the profiles are rather big. This is mainly due to the non-resonant term and its interference with the cascade contribution, but also the resonance/resonance interference plays some role. Below we now focus our analysis on the deviations of the two-photon profile from the pure Lorentzian close to the Lyman-α resonance. These differences are the main reason for the corrections to the hydrogen recombination history.
Two-photon profiles close to the Lyman-α resonance
In low-density plasmas like the expanding Universe during cosmological hydrogen recombination, hardly any perturbing particle is within the Weisskopf-radius (Weisskopf 1932; Sobelman et al. 1995) , so that the coherence in two-photon and possibly multi-photon transitions is maintained at least for the lower shells. In astrophysical computations the frequency distribution of photons released in the Lyman-α transition due to electrons reaching the 2p-state from higher levels is usually described by a pure Lorentzian. Within the interpretation of Weisskopf & Wigner (1930) , this means that the electron is completely reshuffled among all the possible 2p energy sub-levels.
In calculations of the cosmological hydrogen recombination problem, we are now interested in the deviations of the full 2p→1s , see Eq. (17), close to the Lyman-α frequency in comparison with the full two-photon-profiles, φ 2γ ns/d→1s according to Eq. (7), for several initial s and d-states. We divided the two-photon spectra by their partial one-photon transition rate to the 2p-state (Γ ns/d→2p ) and transformed to the variable y α = ν/ν α . For the given curves we included the first 500 terms above n i . The dashed curve corresponds to the usual Lorentzian profile of the Lyman-α transition.
two-photon profile from the normal Lorentzian shape. Here one should mention that in general the deviations of the 2γ-emission profile, using the full two-photon treatment as described in Sect. 2, from the one in the 1 + 1-single photon description (Eq. (19)) should also be considered. However, in the red wing of the Lyman-α resonance, one can write
where the last step is possible, since the distant wings of all the other resonances do not contribute significantly when one is close enough to the center of the Lyman-α transition. The more one approaches the Lyman-α resonance, the better this approximation becomes. For the estimates carried out below, this approximation is satisfactory.
To understand the deviations of the two-photon emission profiles close to the Lyman-α resonance, we now directly compare φ 
2p→1s (y α ), of the curves given in Fig. 6 with respect to normalized 1 + 1-two-photon profile. Very close to y α ∼ 1, the curves should be considered as extrapolated estimates.
in the vicinity of any particular resonance all the two-photon profiles scale like Γ ns/d→n ′ p , focusing on the Lyman-α transition, we also re-normalized by Γ ns/d→2p .
In Fig. 6 we give the normalized 1 + 1-two-photon profile in the vicinity of the Lyman-α transition in comparison with the renormalized two-photon-profiles for several initial s and d-states. One can see that at large distances the two-photon profiles in the full 2γ-treatment deviate a lot from the Lorentzian shape. For both the initial s and d-states, the very distant red wing is several times above the Lorentzian. Within the frequency range 0.9 y α 1.1 for the s-states, the red wing lies below, the blue wing above the Lorentzian, whereas the opposite is true for the d-states. In particular for the d-states, the red wing is always above the Lorentzian, and unlike the s-states in the considered frequency range there is no additional zero below the Lyman-α resonance. In Fig. 6 one can also see that for the chosen set of coordinates, the variation in the profiles is rather small in the case of initial s-states, and the modifications become negligible even for initial d-states above n ∼ 10.
In Fig. 7 we show the relative difference of the curves given in Fig. 6 with respect to the Lorentzian of the Lyman-α resonance. The wing redward of the Lyman-α frequency lies below the Lorentzian for initial s-states, exceeding the level of ∼ 10% at more than ∼ 1.6×10 4 natural width from the center. For initial d-states, in all shown cases the wing redward of the Lyman-α frequency lies above the Lorentzian. The relative correction to the Lorentzian scales roughly linearly with ∆ν = ν − ν α in this regime. Therefore the net change in the rate of photon production in the red wing of the Lyman-α transition at frequencies in the range ν 1 ν ν 2 depends logarithmically on the ratio of ν 1 and ν 2 :
Here we used the wing approximation of the Lorentzian
2 . This estimate shows that the value of the effective two-photon decay rate does not depend very strongly on ν 2 (see Sect. 5.3).
Cosmological hydrogen recombination

Escape of photons in the red wing of the Lyman-α resonance
In the context of cosmological hydrogen recombination, the escape of photons in the red wing of the Lyman-α resonance, which is one of the major channels to reach the ground state of hydrogen, plays a key role in controlling the dynamics of recombination (Varshalovich & Syunyaev 1968; Grachev & Dubrovich 1991; Rybicki & dell'Antonio 1994; Chluba & Sunyaev 2007a) . At large distances, say at frequencies below ν c redward of the Lyman-α central frequency, ν α , the probability of absorbing a photon to the continuum, thereby creating a free electron, becomes very low. Photons released below ν c directly escape further interaction with the neutral hydrogen atoms and lead to the settling of an electron in the 1s-state. On the other hand, all photons emitted at frequencies ν ν c will have a very high probability of being absorbed in the continuum or undergoing transitions to higher levels, possibly after many interactions with neutral hydrogen atoms or when redshifting into the domain of the Lyman-α resonance from frequencies ν > ν α .
Determining the exact value of ν c during the epoch of cosmological hydrogen recombination requires a full treatment of the radiative transfer in the Lyman-α resonance. Our computations show (Chluba & Sunyaev 2007a ) that ν c depends on redshift and should typically lie within 100 to 1000 Doppler width below the Lyman-α frequency. At redshift z, one Doppler width corresponds to distant red wing of the Lyman-α resonance directly. If we want to estimate this effect, we need to compute the difference in the number of photons, that are directly escaping in the distant wing by comparing the emission profiles in the full treatment of twophoton processes with the one in 1 + 1-single photon picture. This will show the relevance of this process. If we consider those photons emitted in the red wing of the Lyman-α resonance because of two-photon transitions from upper s or d-states, then when introducing the dimensionless frequency variable x Γ (ν) = [ν − ν α ]/Γ 2p , the results discussed in Sect. 5.2 suggest the following:
(i) Because of two-photon processes, more photons will escape in the very distant red wing of the Lyman-α resonance (below x Γ ∼ −5 × 10 5 ) than in the 1 + 1-single photon treatment for the direct cascade emission. Because of (i) and (iii) hydrogen recombination should occur slightly faster, while (ii) may make it a bit slower. Since the statistical weight of d-states is 5 times higher than for s-levels, one expects that recombination will in total be slightly faster than in the standard treatment because of two-photon processes. In addition to the direct escape of photons in the distant red wing of the Lyman-α transition, also significant differences close to the line center arise (see Fig. 7 ). Understanding how these changes affect the effective escape of photon from the line center requires a more rigorous treatment of the radiative transfer problem in the line. Also the feedback of photons emitted in the blue wing of the Lyman-α transition and in particular those coming from the other Lyman-series transitions, should be slightly modified when taking the full two-photon process into account. Both aspects are beyond the scope of this paper and will be addressed in a future work.
We can now estimate the effect of the changes in the effective escape of photons in the distant red wing of the Lyman-α transition. For this only the photons between the innermost resonances in the two-photon emission spectrum are contributing (e.g. photons between the Balmer-γ and Lyman-α transition for the 5s and 5d-two-photon decay, see Fig. 3 ). This is because we only want to count photons up to ν ≤ ν c and correspondingly ν ′ ≥ ν n1s − ν c . Because of the symmetry of the full two-photon profile, it is therefore sufficient to integrate φ (22) This integral yields the total number of photons that directly escape per second in the distant red wing of the Lyman-α line. It should be compared with the value computed using the standard 1 + 1-single photon profile. Since we only consider cases very far in the red wing of the Lyman-α transition, the integral over the Lorentzian resulting in the 1 + 1 approach can be written as
where we introduced ǫ = Γ 2p→1s /ν α ≈ 2.540 × 10 −7 and used the variable x Γ (ν) = [ν − ν α ]/Γ 2p . The effective difference in the photon production rate, or equivalently the photon escape rate in the distant wings, is then given by
for a fixed frequency ν c . Although in general ν c is a function of time, below we assume that it is constant. A more rigorous treatment will be presented in some future work.
Approximate inclusion into the multi-level code
In our formulation, ∆A ns/d→1s (ν c ) plays the role of the pure twophoton rate coefficients used in Dubrovich & Grachev (2005) and Wong & Scott (2007) . If we want to estimate the possible impact of our results on the hydrogen recombination history, we have to take the additional net escape of photons into account. This can be accomplished by adding
to the rate equation of the 1s-state and subtracting it from the corresponding rate equation of the ns and nd-levels. Here N 1s , N ns , N nd are the number density of hydrogen atom in the 1s, ns, and nd-states, respectively. Furthermore, T γ = T 0 (1 + z), is the temperature of the ambient blackbody radiation field, with T 0 = 2.725 K (Fixsen & Mather 2002) . The factors g ns ≡ g 1s and g nd ≡ 5 g 1s are due to the statistical weights of the s and d-states. In (25) we have neglected any possible deviation in the radiation field from a blackbody and also omitted stimulated two-photon emission. Both processes should only lead to higher order corrections. Moreover we have added an inverse term, assuming detailed balance. This term is not important during the main epoch of hydrogen recombination (z 1600) and was only included to maintain full thermodynamic equilibrium at high redshifts. A self-consistent derivation is beyond the scope of this paper.
Results for the photon production in the distant wings
In Fig. 8 we give the rate of photon production at frequencies below x Γ within the full two-photon treatment, i.e. according to Eq. (22), for several initial s and d-states. For the d-states the photon production is ∼ 10 times faster than for the corresponding s-state. In the case of initial s-states, the plateau of A 2γ ns→1s (ν c ) close to x Γ ∼ −4 × 10 5 is caused by the zero in the central region of the two-photon emission spectra (e.g. see Fig. 6 ). As mentioned in Sect. 3, this zero is absent in the two-photon spectra of initial d-states, and consequently no such plateau appears for A 2γ nd→1s (ν c ). In both cases the rate of photon production decreases when increasing n. Looking at Fig. 4 , just from the non-resonant term one would expect the opposite behavior. However, due to destructive interference this does not happen.
In Fig. 9 the net change in the rate of photon production at frequencies below x Γ is shown. The photon production due to the two-photon decay of initial s-states, at relevant distances from the Lyman-α center (x Γ > −10 5 ), is actually slower than in the 1 + 1-single photon picture. This suggests that due to the full treatment of the two-photon process for the s-states alone, cosmological hydrogen recombination is expected to be slower than in the standard computations. This contrasts to the work of Wong & Scott (2007) , where both the s and d-state two-photon process leads to an increase in the rate of recombination.
On the other hand, for the d-states the effective photon escape rate is higher than in the 1 + 1-single photon picture, hence one expects an increase in the rate of recombination. Since the statistical weights of the d-states are 5 times larger than the sstates, and also the effective increase in the wing photon production rate is roughly additional 5 times higher (cf. Fig. 9 ), one still expects that, even when including the combined effect of the s and d-state, two-photon process, cosmological hydrogen recombination in total will proceed faster than in the standard treatment.
We would like to mention that using the analytic approximations given in Appendix B for the non-resonant term in connection with the formulae in Sect. 2.1.3 we were able to reproduce the rates presented in this section.
Comparing with earlier works
In the works of Dubrovich & Grachev (2005) and Wong & Scott (2007) , only the combined effect of the two-photon process for the ns and nd-states on the hydrogen recombination history was discussed. To compare our results for the effective photon production rates with their values, we also write the combined effective decay rate
where we implicitly assumed that the ns and nd-states are in full statistical equilibrium with each other (N nd = 5 N ns ). At the relevant redshift, the deviations from full statistical equilibrium are rather small (Rubiño-Martín et al. 2006; Chluba et al. 2007) , so that this approximation is possible (see Sect. 5.3.5).
In Fig. 10 we present the results for ∆A ns+nd→1s (ν c ) for several shells. If we consider the effective rate for the 3s and 3d-levels then, even for very conservative values of ν c , say 1000 Doppler width or ∼ 10 5 natural width below the Lyman-α resonance, we obtain ∆A 3s+3d→1s ∼ 6.7 s −1 , whereas from the formulae in Dubrovich & Grachev (2005) and Wong & Scott (2007) one can find ∆A Wong & Scott (2007) . We would argue that for the third shell even values up to 10 s −1 still are reasonable, in particular at very low (z 1000) and high (z 1300) redshifts, where the probability of absorption decreases. In Table 2 we give a few values of ∆A ns/d→1s (ν c ) for different frequencies ν c . Given are the values of ∆A ns/d→1s in 1/sec for different frequencies x Γ,c = [ν c − ν α ]/Γ 2p→1s . In each column the first value is for the s-levels, the second for the d-states. Figure 10 also shows that, in contrast to the works of Dubrovich & Grachev (2005) and Wong & Scott (2007) , the net photon escape rate due to the combined effect of the s and dstate, two-photon process decreases with increasing n. This implies that the relevance of the two-photon emission from higher shells is significantly less than in their computations, because the sharp drop in the populations of levels with n will no longer be partially canceled by the assumed linear increase in the effective two-photon-decay rate.
Differences in the free electron fraction
We modified our multi-level hydrogen code (for more details see Rubiño-Martín et al. 2006; Chluba et al. 2007 ) to take into account the additional escape of photons in the distant wings of the Lyman-α resonance due to the two-photon process using Eq. (25). For the hydrogen atom we typically included the first 30 shells in our computations, following the evolution of the populations for each angular-momentum substate separately. We also performed computations with more shells, but this did not alter the results significantly with our approach.
The additional two-photon process was included for s and d-states with n ≤ n 2γ , where the parameter n 2γ gives the highest shell for which the additional two-photon decay was taken into account. We only used n 2γ ≤ 10, but because of the strong decrease of |∆A ns/d→1s (ν c )| with n (see Fig. 9 ) and the drop in the populations of higher shells, we do not expect any significant differences when going beyond this. For simplicity we also assumed that the value of ν c is constant with time. This makes our estimates more conservative, since both at very low and very high redshifts, ν c should be closer to ν α and therefore may increase the impact of the two-photon process on the recombination history. We performed computations with three different values of ν c . The effective rates for these cases are summarized in Table 2 . We consider the case with x Γ,c = −10 5 as pessimistic, whereas the case x Γ,c = −10 4 may be optimistic. We also ran computations using the formulae according to Dubrovich & Grachev (2005) and Wong & Scott (2007) . In the paper of Dubrovich & Grachev (2005) , the s and d-rates were not given separately, but assuming ∆A 2γ ns→1s ≡ ∆A 2γ nd→1s for simplicity, one finds
where S DG (n) = 9
n−1 n+1
. Since the deviations from full statistical equilibrium are rather small (Rubiño-Martín et al. 2006; Chluba et al. 2007 ), this assumption should not be very critical and, in any case, is only meant for comparison. Wong & Scott (2007) explicitly give the rates for the 3s and 3d-states and then assume the same n-scaling as Dubrovich & Grachev (2005) . This yields
with S WS (n) = S DG (n)/S DG (3) =
29
n−1 n+1 2n 11 n 2 −41 n . Comparing with Eq. (27), one can see that the difference in the approach of Dubrovich & Grachev (2005) and Wong & Scott (2007) is mainly because they used a much lower rate for the d-states (a factor ∼ 170!). The assumed rate for the s-states is only ∼ 2.7 times lower than in the computations of Dubrovich & Grachev (2005) .
In Fig. 11 we present the relative change in the free electron fraction when only including the additional two-photon process for 3s and 3d-states. For comparison we show the results obtained using the decay rates of Dubrovich & Grachev (2005) and Wong & Scott (2007) . One can clearly see that the dependence on the adopted value of ν c is not very strong. For our optimistic value of ν c , close to the maximum the effect is roughly 2 times smaller than for the values of Dubrovich & Grachev (2005) , and even in our pessimistic model, it is still more than ∼ 4 times greater than within the framework of Wong & Scott (2007) . Comparing the curves, which we obtained within the approach of Dubrovich & Grachev (2005) and Wong & Scott (2007) , with those in Fig. 3 of Wong & Scott (2007) one can see that our results for the changes in the electron fraction are slightly smaller. We checked that this is not due to our detailed treatment of the angular-momentum substates. This is expected since the deviations from full statistical equilibrium at the relevant redshifts are too small to have any effect here (Rubiño-Martín et al. 2006; Chluba et al. 2007 ). Also we computed the same correction using 50 shells, but found no significant increase. Relative change in the free electron fraction. Here we only included the additional two-photon process for the 3s and 3d-states. The computations were performed for a 30-shell hydrogen atom. The effective two-photon rates for three different values of ν c according to Table 2 were used. For comparison, we show the results that were obtained using the 3s and 3d two-photon decay rates of Dubrovich & Grachev (2005) and Wong & Scott (2007) . In Fig. 12 we illustrate the impact of the two-photon process from higher shells. With our estimates of the effective twophoton decay rates, like in the studies of Dubrovich & Grachev (2005) and Wong & Scott (2007) , the effect increases with n 2γ . However, the strong decrease in the effective rates within our computations (see Table 2 ) implies that the result practically does not change when including the additional two-photon effect for more than 5 shells. This strongly contrasts the works of Dubrovich & Grachev (2005) and Wong & Scott (2007) , where the total change in the free electron fraction radically depends on the chosen value of n 2γ (even up to n 2γ = 40 was consid- (2007) is shown, but for n 2γ = 40 and using a 50-shell model for the hydrogen atom. ered). As mentioned above, in these computations the increase in the two-photon decay rates with n (cf. Eqn. (27) and (28)) partially cancels the decrease in the population of the higher levels, and therefore enhances the impact of their contribution as compared to the lower shells. For example, at z ∼ 1200 (i.e close to the maximum of the changes in N e ) the populations of the excited states are still nearly in Saha-equilibrium with the continuum (Chluba et al. 2007) . Therefore the population of the fourth shell is roughly a factor of e −hν 43 /kT γ ∼ 0.19 smaller than in the third shell. Also the effective 2γ-rate decreases by ∼ 1.8, whereas in the picture of Dubrovich & Grachev (2005) and Wong & Scott (2007) it would have increased ∼ 1.9 times. From Fig. 12 it is also clear that the strongest effect for our estimates of the effective decay rates comes from the 3s and 3d-levels alone. This again is in strong opposition to the computations of Dubrovich & Grachev (2005) and Wong & Scott (2007) where more than ∼ 75% of the correction is due to the combined effect of higher shells.
In Fig. 13 we give our final estimates for the possible changes in the recombination history. In our optimistic model the change is ∆X e /X e ∼ −0.53% at redshift z ∼ 1150, and it drops to ∆X e /X e ∼ −0.32% for the pessimistic case. Including more shells in the model for the hydrogen atom did not change these results. For comparison we also computed the changes in the ionization history by applying the formulae of Wong & Scott (2007) , but using n 2γ = 40 and 50 shells for the model of the hydrogen atom. Although our discussion has shown that the values computed by Cresser et al. (1986) for 3s and 3d-states are likely not related to the cosmological hydrogen recombination problem and that extrapolating those values to higher shells is rather rough, our final results are numerically compatible with those obtained using the approach of Wong & Scott (2007) . However, within our approach the changes in the ionization history close to the maximum of the Thomson visibility function (Sunyaev & Zeldovich 1970) are larger than in the computations of Wong & Scott (2007) . Therefore the changes in the cosmic microwave background temperature and polarization power spectra are also expected to be a bit larger. Indeed it seems that the corrections to the ionization history due to the two-photon decay from higher shells does not reach the percent level, and that the impact of this process was overestimated by Dubrovich & Grachev (2005) .
Additional remarks
Here we have only investigated the bound-bound two-photon transitions directly leading to the ground state. Equations (1) and (6) are also applicable when the final state is any s-level. We also checked the rate for the two-photon transition 3s → 2s and 3d → 2s and, as expected, found very low values (∼ 0.0885 s −1 for the 3s and 0.0278 s −1 in the case of 3d). In addition, because all dipole transitions to the second shell are optically thin in the recombination problem, these corrections should never be important within this context. Similarly, the 2p → 1s twophoton transition due to its low probability (∼ few × 10 −6 s −1 , see Labzowsky et al. 2005) can be completely ignored.
One may in addition consider the problem of two-photon transitions starting from the continuum, e.g. the recombination of electrons to the 2p-state and subsequent release of a Lyman-α photon. Here deviations of the line profile from the normal Lorentzian shape can also be expected and may lead to an increase in the effective Lyman-α escape rate. However, since the supply of photons to the 2p-state by transitions from higher shells is several times faster, the total impact of this effect is very likely less than the one from the 2γ-transitions already discussed here.
As mentioned above, under physical conditions like those in our Universe during the epoch of hydrogen recombination, the coherence of two and possibly multi-photon processes is maintained. Consequently one should investigate how strong the deviations of the corresponding emission profiles from a Lorentzian are when more than two photons are involved. This requires a QED multi-photon treatment, which is beyond the scope of this paper. But as we have seen above, adding the two-photon process for the 4s-and 4d-states (due to the drop in the population of these levels and decrease in their effective two-photon decay rate) has affected the recombination history at a level of ∼ 0.02% in addition to the 3s and 3d (see Fig. 12 ). For the 3γ-decay of the 4f-level, one expects that the relative correction will be close to the one from to the 3d two-photon decay. This is because the largest term in this 3γ-description should involve at least one nearly resonant transition, since the other contributions should be suppressed in addition. For photons appearing close to the Lyman-α line, a nearly resonant 4f → 3d transition, followed by a quasi 2γ-decay of the 3d-state, is most likely. Therefore one has × ∆A 3d→1s , Table 2 , one finds ∆A 3γ 4f→1s ∼ 2.1 s −1 . Due to the statistical weight of the 4f-state, one then should obtain another ∼ 7 × 2.1 s −1 ∼ 14.7 s −1 addition to the overall decay rate of the fourth level. This is roughly a ∼ 50% correction to the total two-photon correction of the fourth shell. Therefore, one could expect another ∼ 0.01% correction to the free electron faction when including the three-photon decay from the 4f. 11 In both cases the branching ratios are very close to unity. Furthermore, for some high level (likely above n ∼ 20−50), even the residual disturbances from the small amount of perturbers that are present in the Universe will destroy the coherence of the possible multi-photon emission coming from very high initial levels.
One could also consider the three-photon decay of the 2p-state. Here, just as in the 2s-two-photon decay, no intermediate resonances are involved; and due to momentum conservation, this process is allowed. However, simple estimates show that this process has a rate lower than ∼ 10 −2 s −1 and hence negligible at the 0.1%-level.
Conclusions
We have studied in detail the emission of photons due to twophoton transitions from high s and d-states to the ground level. Up to n = 20 we found simple analytic fitting formulae to represent the full two-photon emission profile with very high accuracy. We have discussed the deviations in the two-photon emission profiles from the natural Lorentzian shape and investigated the importance of the non-resonant, cascade, and interference term separately.
Applying our results to the cosmological hydrogen recombination shows that the corrections to the ionization history due to the additional two-photon process from higher shells likely do not reach the percent level. For conservative assumptions we find a correction ∆X e /X e ∼ −0.4% at redshift z ∼ 1160. This is numerically similar to the result of Wong & Scott (2007) ; however, the physics leading to this conclusion is rather different. In particular we find that the two-photon process for initial sstates actually slows the recombination process down. In addition, the effective two-photon rates connecting the high s and d-level directly to the 1s-level decrease with principle quantum number n. Both aspects contrast to the rate estimates used in the studies by Dubrovich & Grachev (2005) and Wong & Scott (2007) . Here it is very important that the destructive interference between the cascade and non-resonant term cancels a large part of the additional non-resonant emission in the distant red wings of the Lyman-α transition. Furthermore, in our computations the main correction to the ionization history stems from the 3s and 3d-states, while in the computations of Dubrovich & Grachev (2005) and Wong & Scott (2007) more than ∼ 75% of the correction is due to the combined effect of higher shells. b 4 w 1/5 + b 5 w 1/4 + b 6 w 1/3 + b 7 w 1/2 + b 8 w 1 + b 9 w 2 )] and w = y(1 − y). In this definition one has M nr = σ(y)/ G n i l i w 3/2 . The first 200 terms in the infinite sum were taken into account. Within the assumptions, the accuracy of these approximations should be better than ∼ 0.1%. Note that a 0 and b 0 have dimension sec −1/2 , and φ nr (1/2) has dimension sec −1 . Table B.1. Non-linear fitting coefficients for the non-resonant ns → 1s emission spectra within the frequency range 10 −3 ≤ y ≤ 0.999 for n ≤ 20. Table B .2. Non-linear fitting coefficients for the non-resonant nd → 1s emission spectra within the frequency range 10 −3 ≤ y ≤ 0.999 for n ≤ 20. 3d 4d 5d 6d 7d a 0 −1.0484392971 × 10
